NONWANDERING SETS OF INTERVAL SKEW PRODUCTS 
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Abstract. In this paper we consider a class of skew products over transitive subshifts 
of finite type with interval fibers. For a natural class of 1-paramctcr families we prove 
that for all but countably many parameter values the nonwandcring set (in particular, 
the union of all attractors and repellers) has zero measure. As a consequence, the same 
holds for a residual subset of the space of skew products. 



1. Introduction 

Skew products over hyperbolic dynamics or, equivalently, over subshifts of finite type 
is quite a standard component of the modern theory of partially hyperbolic dynamical 
systems. A detailed review of this role of skew products can be found, for instance, in 
our thorough 3-pages introduction to [2]. 

In [2] which is the prequel to this paper, we started quite an ambitious project to 
understand such skew products in the case when the fibers are intervals of real line, and 
the fiber maps are orientation preserving diffeomorphisms. We gave a complete descrip- 
tion of possible dynamics for so-called step skew products: such that the dependence of 
fiber maps on the base coordinate is piecewise constant. 

In this sequel we manage to relax the step condition and to extend some of the results 
of [2] to all skew products. Namely, in Theorem 4.3 we show that for a residual set of 
such skew products, the nonwandering set (including all the attractors and repellers) 
has zero standard measure which is the product of the ergodic invariant measure of the 
subshift in the base and the Lebesgue measure in the fiber. 

For this, we prove a stronger statement which is Theorem 4.1: for any monotone 
1-parameter family, for all but countably many parameter values the standard measure 
of so-called anchored set (which includes the nonwandering set) is zero. 
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2. Notations 



Let cr: E — > E be a transitive subshift of finite type (a topological Markov chain), 
E C {1, . . . , iV} z . We endow E with a metric defined by the formula 

2-min{|n|:On?4w»} q ^ 

w, u; G E. 

0, u; = u, 

Fix any cr-invariant ergodic measure \i on E. 

Let / C R be a unit interval. In this paper, we will be considering the following 
class S of skew products F:Ex/- >ExJ: 

• F: i-> («7a;,/ w (z)); 

• the maps f u : I — > f u {I) are orientation preserving C 1 diffeomorphisms which 
send I strictly inside itself; 

• the map /V.) : E — > Diff 1 (7) is continuous. 

We equip S with a metric as follows: 

dist(F,F) = maxdistci^ 1 ,/* 1 ). 

UJ 

The standard measure m on E x I is the product of Markov measure \x in the base and 
the Lebesgue measure in the fiber. 

3. Drifting and anchored regions 

Following [2], we define drifting graphs and points. Let (pi \ E — > I be two arbitrary 
functions, Tj be their graphs, % = 1,2. 

Definition 3.1. We write (pi < <f2 whenever for any u G E 

(fi{uj) < <£ 2 (w). 

We also write Ti < T2 in this case. 

A general property of any skew product is that the image F{T) of any graph V is also 
a graph of some function. 

Definition 3.2. We say that a graph V drifts up (down) if -F(r) > V (respectively, 
F(T) < T). 

Recall that we assume the fiber maps f u to be monotone increasing. Thus F(T) > F 
implies F n+1 (r) > F n (r) for any n G Z, and F(T) < T implies F n+1 (r) < F n (r) for 
any n G Z, provided the backward iterates are well-defined. The strip between F n (T) 
and F n+1 (r) is a fundamental domain for F. 

Definition 3.3. A point p = (uj,x) G E x / drifts up if there exists a continuous 
map 7 : E — > I with the graph T such that 



(2.1) 



d{uj. 
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• T drifts up under F; 

• the point p is between T and its image: 

7(w) < x < fv-i^-yia^u)), 

Denote the set of the points drifting up in F by A(F). In the same way we define 
the set of points drifting down which we denote by V(-F). Finally, denote by □(-F) = 
(ExJ)\ (A(-F) U V(-F)) the anchored set which is the complement to the points drifting 
up or down. 

Remark 3.4. For the nonwandering set £l(F) we always have £l(F) C □ (-F) because the 
sets A(F) and V(F) are open and disjoint from Q(F). 

Proposition 3.5. For any F , we have A(F) fl V(F) = 0. 

Proof. Assume that A(F) fl V(F) ^ for some skew product F. Because the set A(F) fl 
V(F) is open and the periodic points are dense in £, we can pick p = (co,x) G A(F) D 
V(F) such that u is periodic. Let n be its minimal period. Then F n (p) = (x, u) belongs 
to the same fiber as p. Note that if x > x, then p cannot be drifting down, and if x < x, 
then p cannot be drifting up. Thus p ^ A(F) fl V(F), and the Proposition is proven. □ 

Now we introduce a partial ordering on the set of mild skew products with an interval 
fiber: 

Definition 3.6. F -< F whenever for any lo,x we have fuj(x) < f^x). 
Proposition 3.7. If F -< F , then 

A{F) C A(F) and 7(F) D V(F). 

Proof. Indeed, for any p G A(F) we can take T that satisfies Definition 3.3. Because F -< 
F, we have F(T) < F(T). Thus the same T is also valid to show p G A(F). 

The second inclusion is proved in the same way. □ 

Definition 3.8. A family F T , r G (ti,T2), of skew products is monotone increasing if 
for any T\ < r 2 the skew products F Tl and F T2 are comparable and F Tl -< F T2 . 



Theorem 4.1. Let F T be a monotone family, continuous in r . Then for every r, except 
for at most countable set of them, we have 



where m is the standard measure. In particular, the standard measure of the nonwan- 
dering set Q(F T ) C □(F r ) is zero. 

Moreover, for any e > the set {r \ m(D(F T )) > e} is finite. 



4. 



Main results 



(4.1) 



m(D(F T )) = 0, 
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Definition 4.2. We say that a subset of the space of skew products is small if it is 
closed, nowhere dense, and any continuous monotone family intersects it at a finite 
number of points. 

Theorem 4.3. The set JC = {F | m(D(F)) > 0} is a subset of a countable union of 
small sets. In particular, K is meager. 

Combined with Remark 3.4, this implies that a generic skew product from S has a 
nonwandering set of zero standard measure. 

In the spirit of the Large Deviations Lemma [1, Lemma 6] and the Special Ergodic 
Theorem [1, Theorem 6] which give an estimate of the Hausdorff dimension of "bad" 
sets in some partially hyperbolic systems, we conjecture the following generalization of 
Theorem 4.1. 

Conjecture 4.4. Let F T be a monotone family, continuous in r. Then for every t, 
except for at most countable set of them, the Hausdorff dimension of n(F T ) is less than 
the full dimension of the phase space. 

First we show that Theorem 4.1 implies Theorem 4.3. 

Proof of Theorem 4-3. Obviously, /C = U ne ^K,i/ n , where 

K e := {F | m(n(F)) > e}. 

Let us show that for any e > the set JC E is small. First of all, Theorem 4.1 implies 
that any monotone family intersects K £ at a finite number of points. 

Proposition 4.5. For any e > 0, the set IC £ is closed. 

Proof. Note that the set of pairs <S A = {(p, F) \ p £ A(F)} is an open subset of the 
Cartesian product of E x I and the space of dynamical systems on it. The same is true 
for «S V . Thus the set 

S n := {{p,F) | p £ n(F)} = {(p, F) | p i A(F) U V(F)} 

is closed. 

Now take any sequence of systems F( n ) £ /C e which converges to F. Assume that F ^ 
K, s which means m(D(F)) < e. Take an open cover U of the set \3(F) such that m(U) < 
e. Because F (n) £ /C e , we have m(D(F (n ))) > e for all n £ N. Thus □(-F( n )) <t U. Then 
for any n £ N there exists a point p n £ (E x I) \ U, p n £ D(F^). 

Because the set (E X /) \ U is compact, we can extract from p n a converging sub- 
sequence p nm . Then the subsequence (j> nm j F( nm )) £ <S n converges to some (p,F), and 
p U. But because the set <S n is closed, we must have p £ U(F). The contradiction 
with U(F) C U proves the Proposition. □ 

Because any monotone family intersects K, £ at a finite number of points, the set /C £ 
has empty interior. Thus it is nowhere dense. Theorem 4.3 is proven. □ 
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Definition 5.1. A skew product F: S x M — > E x M is multistep if the fiber maps f^ 
depend only on finitely many positions in u. 

Denote the set of skew products in S depending on m positions by S{m). In the same 
way every continuous function can be approximated by piecewise constant functions in 
sup-norm, we can C°(E, C 1 (/))-approximate skew products from S by multistep skew 
products. These approximations can be chosen to be generic in the sense of [2]. It 
immediately follows from [2, Theorem 2.15] that for any generic multistep skew product 
G we have m(n(G)) = 0. 

Proposition 5.2. Let F x -< F 2 . Then m(v(F 1 ) U A(F 2 )) = 1. 

Proof. Take a generic multistep skew product G such that F\ -< G -< F 2 . Because of the 
above remark, 

m(v(G)U A(G)) = 1. 

But v(Fi) D V(G) and A(F 2 ) D a(G). Thus 7(G) U A(G) C v(Fi) U A(F 2 ) which 
proves the Proposition. □ 

Now fix any monotone increasing family F T . Denote for brevity A r := A(F T ), V r : = 
V(F T ). Proposition 3.7 implies that for any T\ < r 2 we have A T1 C A T2 and V ri D V T2 . 
Also denote 

A T+ := p| A r+(5 , V t _ := f] V T _ 5 . 
<5>0 5>0 

Obviously, A T C A T+ and V T C V T _. 
Proposition 5.3. For any r, 

i) A r+ n V r = 0. 

ii) m(A T+ U 7 T ) = 1. 

Proof. Because F T is continuous in r, for any point p the set of parameters {r | p £ V T } 
is open. Thus for any p £ V T for any small enough 5 > we have p £ V r +,5. By 
Proposition 3.5, this implies p £ A T+ s- Taking the intersection over all 5 > 0, we have 
that p does not belong to A T+ . Thus A T+ H V T = 0. 

Let us now prove ii. By Proposition 5.2, for any 5 > 

m (v r |J A T+5 ) = I. 

By Proposition 3.7, the sets A T+< 5 are monotone increasing in S. Take the intersection 
over all 5 > to get 




Now factor out the term V r to get the required m(V r U A r+ ) = 1. □ 
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Now we are ready to complete the 

Proof of Theorem 4-1- Because V T PI A T+ = and m(v T U A T+ ) = 1, we have 
m(D(F T )) = m((S x [0, 1]) \ (V T U A T )) = m((v T U A r+ ) \ (V r U A T )) = m(A T+ \ A T ). 
This can be rewritten as 

m(A r+ \A T )=m fl A T+S - m(A T ) = lim m(A r+(5 ) - m(A r ). 

\ 1 1 / <5->+0 

\<5>0 / 

So m(D(F T )) equals to the value of a gap of the monotone increasing function p{t) = 
m(A t ) at the point t = r. Any monotone function has at most countable number of 
gaps. Moreover, if the function is bounded, then for any fixed e > only finitely many 
of the gaps can be bigger than e. Theorem 4.1 is proven. □ 

Finally, we remark that all continuous monotone increasing families F T , G p such that 
Fq = Gq are equivalent in the following sense: for any r > there exists p > such that 

F -< G p -< F T . 

Indeed, one can take < e = mi WtX (F T (uj,x) — F (uj,x)), and take p > such that 
< G p — G < e. Then F = G -< G p -< F T . Because this argument is symmetric 
with respect to switching F and G, the sets Ao+, Vo- depend only on F but not on the 
choice of a continuous monotone increasing family passing through Fq. Thus we could 
denote them just by A + (F ), V~(F ). 

References 

[1] Yulij Ilyashenko, Victor Kleptsyn, and Petr Saltykov. Openness of the set of boundary preserv- 
ing maps of an annulus with intermingled attracting basins. Journal of Fixed Point Theory and 
Applications, 3(2):449-463, September 2008. 

[2] V. Kleptsyn and D. Volk. Skew products and random walks on intervals. arXiv:1110.2117, 2011. 

Victor Kleptsyn 

CNRS, Institut de Recherche Mathematique de Rennes (IRMAR, UMR 6625 CNRS) 
E-mail address: Victor.Kleptsyn@univ-rennesl.fr 

Denis Volk 

kungliga tekniska hogskolan (royal institute of technology) 

Institute for Information Transmission Problems, Russian Academy of Sciences 

Current address: KTH Matematik, Lindstcdsvagcn 25, SE-100 44 Stockholm Sweden 

E-mail address: dvolk@kth.se 



